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manipulation  of the object by multifingered hands.

In this paper, we propose a finite motlon  p luming  a lgor i thm for

multifingered hands manipulating an object of arbitrary shape cow

sidering general relative motions  between c.hc  lingertip and the ob-

ject ,  at  thr contact  pomt.  The Ininimum  c o n t a c t  f o r c e s  a n d  minr-

mum jo in t  velocities  are obtained by solving a nonlinear optimlza
tion problem given mitial coutnct  parameters which is defined as the

posltion and rot&on  matrirrs  of the coordinate frame at.tachrd  to

t h e  c o n t a c t  p o i n t  wth respwt  to rhr b o d y  c o o r d i n a t e  f r a m e .  T h e

relal~w  vclocitles  then can br  drterminerl  by calculating the object,

velocity  and fingertip velocltles  at the contac(.  p o i n t .  T h e  c o n t a c t .

p o i n t  wolutlon  at thr next  l,imc ilep is also d&ermined  lby  utilizing

the  M o n t a n a ís  contacts  equntiîu[3] and obtained relative veloritics

to update the contact  parameters.  A simulation is finally lllustratrd

by employing three fingered robotic  hand manipulating  a spherr  to

evaluate the validity of the proposed algorithm

In the following section, finite nlotion  planning problalls  for 11~11.

tifingrred robotic hands are formulated. In Swtion  3, kinematics of

multltingrred h a n d s  grhsplng an object  i s  d e s c r i b e d  a n d  t h e  kin<,-

m a t r c s  o f  contact  IS also described in Section 4 In Section 5, tile

finitr mot ion  p lann ing  i s  S~ìWII  to br equ iva l en t  t o  f i nd ing  mini-

mum  coubact  fo rces  and  min imum jo in t  velouties  for each fing<,r
Simulation results arc su~~mx+r~eed  in Section 6 and ronrlusions  are

drawu  in the final sect,lon.

2. PROBLEM STATEMENT

lëlle  fill1t.r  Inotlou  plun~ng  problem  for mnlLifingered  h a n d s  ma-

mpnlating  an object considered in this study can be divided inr.”

two stages. It is remarked  t h a t  l a r g e  c o n t a c t  f o r c e s  might r e su l t

in  low grasp ing  s tab i l i ty  becauw  even  a small position error may

causr  a  l a rge  distnrbiug  moment  at the mass  c e n t e r  o f  thr  ohJ<xt.

a n d  f.hc cscessIve  cîLlt,act  force< are not propcr  for grasping f rag i l e

objects. It is also rtwlarkrd  tllal the manipulability of tiugerlip may

be implicltly obtained a~ well as ene rgy  consumpt ion  may  br mw-

rnizrd  by minimizing the joiut ve loc i t i e s .  Thus ,  PROBLEM I  can

be proposed.

( P R O B L E M  I )  Fmd the mmmum contact forces and minmum
joint velocities of the fingers to generate the <desired motions of the

sbject satisfying t,he dynamic  force/moment  equ i l ib r ium equalion,
t h e  compatibility equation of thr relative  mot ions ,  and  Coulîml~ës

law of friction as well  as somr  physical constramts  given thr, mitral

contact  parametrrs.
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variables. Thus, PROBLEM II can be proposed.

(PROBLEM II) Find the time derivatives of the surface variables
and contact angle of the object and the fingertips at. present time
step to predict the contact parameters at the next time step by
determining relative velocities obtained from PROBLEM I.

3. KINEMATICS OF MULTIFINGERED ROBOTIC
HANDS

In this section, kinematics of multifingered robotic hands is de-
scribed. A k-fingered hand grasping an object is shown in Fig. 1.
Let the number of joints and the joint variables of finger i, i=l,. .,k,
be denoted as m, and qi E Rmí,  respectively. To describe the rela-
tive motions between a fingertip and an object,, a set of coordinate
frames are defined as follows. The reference frame. {Cp}, ia fixed to
the palm of the hand; the body coordinate frame, {Ca),is  fixed to
the mass  center of the object; the finger frame, {C,,}, is fixed to the
last link of finger i; at the i-tb point of contact between  the finger i
and the object, t,he local frame of the object,, {C,,),  is fixed relative
to {Cj,,}  and the local frame of the finger i, {Cl,], IS fixed  relative to
{C,,),  where their z-axes  coincide  with the outward pomt.mg nor-
mal to the object surface and t,ht: fingertip surface, respectively and
their x-and y-axes lie ~1 the common tangent planr as well as they

share a common origin at the contact point.

Fig. 1 A k-fingered robotic hands grasping an object

Let, rfl,, E R3and,4p,, t SO(3)  denote the posit,ion vector and
the rotation matrix of a coordinate frame {Co) with respect to a
coordinate frame {C,},  respectwely.  If (PO,,,(~). ,40,~~(,))  is any curve
m SE(3)z  R” x SO(3)  representing the trajectory of {Co) relative
to {Co},  the translational and rotational velocity of {Co}  relative
to {C,} can be described by

where S is an operator defined by

and superscript t implies thr transpose
The vector (?;;,,,&Jf  E R’ is called the gewrrahzed  vrloclty

of {Co} with resprct to {C,,] For any three coordinate framr
{C,), {C,j),  {C?}, t,he following relation exists between their rel-
at,lve  velocit,irs

given by,

(4)
In other words, if we let {C,)  be the reference frame, {Co] the

body coordinate frame, and {C,} the object local frame, then the
velocity of the object represented by the body frame and by the
local frame are relat,ed by a constant transformation, which in turn
is a function of the contact parameters of the obíjwt.  A similar
relation holds for the finger.

Let (uf , u;, u:) and (w;,w;,w:)  denote the translational and rota-
tional velocities  of {Cb,) with respect to {C,,), respectively. These
are vcloclties  of the object with respect to finger i expressed in local
frames. Usq (3), tbe velocity of {C,, ] can be expressed as

( cos$i -sinI//i  U
where A+, = -sm$i  -cm+&  0 (6)

0 II --Ii
is the orirntatlon matrw  of {C,,}  with resprct to {C,,).

On the other hand, the velocity of {C,,}  is related to the velocity
of {Cb}  by

and similarly one has for finger i that

Moreover, the velocity  of the linger frame. {C,,}. IS related to the
velocity of the finger joints, & by the finger Jacobian,

Finally, the translational and rotational relative velocities of the
object  with wspect  to fingerup at the i-th contact pant cau be

expressed m terms of the velooty of the finger ,joints as well &s the
condact  parameters.

= obf P - Wdf,,,,Juqz  - A$,Af,,,,s(~,,,,,)r,i,] (10)
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4. THE KINEMATICS OF CONTa4CT

This section describe the motion of a point of contact over the
surfaces of two contacting object m response to a relative motion
of these objects. When the fingertips roll or slide over the object,
the contact parameters (Q,,*,  &) of the object and (të~~,,,,  .$I,)
of the fineer  evolve accordine  to the kinematic rouations of contact.
If the fingertlp  and the obj;ct  surfaces are parameterized  by the
longitude variable u (e and 7) )and latitude variable v (@ and 0,
we can describe the contact parafneters  of fingertip aud object by
these variables (Fig. 2).

Let  the symbols K, T, and M represeut.  respectively, the curva-
ture form, torsion form, and metric at time t at the pomt of contact
with respect to its coordmate  system [ll]. Let I?,+  r e p r e s e n t  t h e
orientation matrix of the x- and y- axes  of (Cl,) with respect to the
s- and y- axes of {C,,}  and the subscripts o and f denote the object
and fingertip, respectively Also let I?, be defined as R+Ii, R+ and

Ii, + I\:/  be the relative curvature form. At a point of contact, if

the relative curvature form IS mvertible,  t,lwtr  the point of contact
and angle of contact evolve according to

ti, = M;ë(li,  +  rT,)-ë([-w,  w.]’ - I;,[+ u,]ë), (12)

ti, = M;ëR+(lio  + Ii,)-I([-w,  wz]’ + Ii,[o, tag]ë), (13)

tj =wz +T,M,ti,  +T,M,i,, (14)

0 = vz (16)

Thus, the contact  equation gives the time derivatives of the sur-
face variables and contact angle by receiving the relative  velocities
of two contacting object (Fig. 3).  Eqs. (12).(14) are called the
first, second, and third contact equations,  respectively. Eq. (15) is
the kinematic constraint of contact imposing the constraint on the
relative motion  necessary to maintain contact.

Fig. 3 The relative  velocities and contact equations

5. PROBLEM FORMULATION AND NONLINEAR
PROGRAMMING APPROACHES

5.1 Force/Moment Equilibrium Equation

In Fig. 4, all vectors are represented with respect to the object
coordinate system {Ca}  and a frictional point contact model is as-
sumed at the contact point. Let Pi be the force vectors applied to
the object at i-th contact point by each finger and T = [FiM:]’  E
Rexi,  denote the resultant force and moment vectors, respectively
Let p, and n be the position vector from the origin of the object co-
ordinate system to i-th contact point c, and the number of contact
points, respectively. Then, the force/moment equilibrium equation
can be written as follows.

n
F, = c F, (16 - 1)

1=1

and ”
hfe = c V, x F, (16 - 2)

,=I

Eq. (16) can be written in the matrix form as

T=GF,

where G E Rex3”  is defined by

and is time dependent as the contact parameters evolve. Here ISíS
are 3 x 3 unit matrices and P, are the 3 x 3 skew symmetric ma-
trix with  zero diagonal elements equivalent to the vector product of
position vectors p, = (p,z,p,,,p,,)’  E 3 x 1 shown as

(

-p,:

p, = ,,:. 0
PW

--Ptr (19)
-Psy Pi. 0 1

It is noted that the dynamic  equilibrium is also maintained by
using above static force/moment equilibrium equation if the mertia
force equal to the product of the mass of the  object and its acceler-
atIon and directed opposlt,ely to the xc&ration  is added to T. It
is remarked that given  T and G from a task and contact points, F
cau  be determined by solving Eq (17). However, if the number of
contact pomts  are greater than 2, F may have infinite number of so-
lutions, since matrix A has (3n-6)  of redundancy. Thus, among the

solutions should we determine the optimal solution which minimizes

the contact forces under some physical conatramts.

5.2 Forces Transmitted  at a point of Contact

The resultant force transmitted from one surface to another through
a pomt of contact is resolved into a normal force F, acting along
the common normal, which generally must be compressive, and a
tangential force Ft in the tangent plane sustained by friction The
magnitude of Ft must be less than or, in the  limit,  equal to the force
of limiting friction, i.e.

where 11 is the coefficient of limiting friction

5.3 Contact Maintenance Condition

If the contact between the surfaces of the fingertip and those of the
object is continuous, their velocity  components along the common
normal must be equal such that the surfacrs  are neither separating
nor overlapping Thus, U: always equals zero and can be represented
in twms  of joint velocity vectors and contact parameters as follows-

[.%,,bîb,p  - .~l~i,b.S(l.b*,b)Yíb,pl;

Fig. 4 Modelling  of a manipulation of an object

by multifingered  robotic hands

-L4tiJf,,,J,,P,  - A~~,.4f,,,,S~~i,,l~~Jr.4,1~  = 0 (21)

where subscript z implies z-compont.  Any motion of contacting
surfaces must satisfy the contact maintenance condltlon  and can  be

regarded as the combination of shding,  rolling and spin.
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5.4 Consistency of Roll/Shde Mode between Force and M&lo”

W h e n  t.he ohJcct  i s  man ipu la t ed  by the nxdtifingered  h a n d .  e i -

ther rolling or sliding at the contact points may be resulted from

the contact forces. To generate the corresponding relative motions

for the contact forces applied at the contact point. .  following mode

p a r a m e t e r  IS defined.

6 = pF, - Fr (2ë4

While the contact forces result in rolling motions if 6 is greater

than zero, the contact forces sliding motions if 6 is equals to zero.

L e t  ut denote the translational relative velocity vector.  Then, the

consistency of the contact forces and relative motions at the contact

points are accomplished by satisfying the following compatibility

e q u a t i o n

6 ëì1  = 0 ( 2 3 )

s t e p  5

Thus, while vt should the zero implying rolling In&ions  if 6 is greater

than zero, ul have any rnagnititude implying sliding motions if 6 is

zero.

I:pdatr  tile c o n t a c t  pararlwters  aîd  t h e  ,loint  confignra-

tioîs  of thr fingrrs.

S tep  6 Go to step 1.

5.5 The Directio” of Tangaltiat  Forces and Slidmg Vrlocitirs 6. SIMULATION RESULTS

The  t angen t i a l  forcr  of friction is constrained to he no greater

than the product,  of the normal force  with the coefficient of static

frwtion.  In a pr~rely s l i d i n g  c o n t a c t  t h e  t a n g e n t i a l  f o r c e  r e a c h e s

its lirniting valîe  in a direction opposed to the sliding vrlocity.  In

this paper, the sliding velocLty  is defined the translational wlative

velocities of the object with respect to the fingertip at the contact

point. Thus, the direction of the tangential force and sliding velocity

shonld  h e  c o i n c i d e n t .  Let, I/ t 11 Ic cnole  the Euclidean norm. Then,

the directional condition oft ang<~ntial  force and sliding velocities IS

described  as follows:

The  re-orient.ing  task of a sphere (Fig. 5) is considered to show

the validities of our proposed method for a robotic hand with thrw

fingers each uf which has  four joillts. The specificatmn  of tlw  Ilaud
i s  g i v e n  ì1  ëIíablr  1. In Table  2. thr speclficatlo”  o f  t h e  obj<,ct.  1s

summarlwd.  In Table 3, the initial joint configurat,ions  of the fingers

a re  g iveî a n d  t h e  postuw  of t.he hsnd i s  a l so  showî in  Iqlg 6

Initial contact parameters  of the !ingert.iJl  bîrfacr  and ob.lect.  surface

are given ill Table  4 The orientation of reference frame and body

coordinate frame are choseî to be coincident The rotative motion of

0.524 rad/sec aborlt  x-axis of reference frame is given  t.0 t.he object

T h e  s o l u t i o n  o f  prohleln i s  ob t a ined  by  ìtdiaing  thr  Aîgmeîtrd

Lagrange Multiplier Method[lO].

_-2.-
ll~ll  - IIRII

5.6 Nonlinear  Optimizatio”  Prob lem Formula t ion

N o w  the fiîltr  motion plan~~ing  p rob lems  can  be forîlulated  into

an  op t imiza t ion  problem  to fiîd  fhr minilnum c o n t a c t  f o r c e s  a n d

joint velocitlrs  at each tinlc  hlrp glvr” contact parameters satisfying

above  c o n s t r a i n t s  as: well as some physical  constraints.

Minimize

Sub jec t  t o

F--L=”
ll~tll ll~ëtll

(33)

The  sumrrratmn  of the Euclidran norm of coîtact  forces and that

o f  jant vrlocit~es  a r e  chose”  as a n  object  fînc(lon  i n  Eq ( 25)

E q  (2G) 1s t h e  d y n a m i c  force/molnrnt  eqîlibr~um  equation.  I:(,.

( 2 7 )  a n d  ( 3 3 )  a r e  t h e  Coulorl~b  f r i c t i on  cons t r a in t s  ntld  I?q  ( 2 8 )

IS c o n t a c t  ìmaintenance  conditun J:qS. (29)  and (:Jo) arl’  JOllit

velocity  a n d  a c c e l e r a t i o n  constraints.  respectively. Eq. (31) IS the

c o n s t r a i n t  o f  l h e  magnitude of the contact force. Eq. (32) is the

rnodc conrpatlbihty condition of roll or slide b&we”  contact  force

a n d  r e l a t i v e  veto&w  Thos,  g iveî t h e  coIltact  p a r a m e t e r s ,  t h e

rolltact force,  and  j o in t  ve loc i t i e s  o f  t he  f i nge r s  a r e  ob t a ined  bq

solving  the above ìoîtiîear  op t imiza t ion  p rob lem

T h e  p r o c e d u r e  t o  f i n d  t h e  c o n t a c t  forcrs  and ,lomt  velocitws  at

each I irw step can bc summarized as follows.

s t e p  0

step 1

s t e p  2

step  3

s t e p  4

Read the iudlal configurations, contact parameters at the

present.  title  step

Calculate  thr object v&city  at the contact point.

C a l c u l a t e  t.he contact  forces  and joint veloclti?s  of the fin-

gers to find the fingertip  velocities.

C a l c u l a t e  t h e  relatiw  v&cities  at the contact  po in t

I)cterlnine  the  tmre  d?rlvatiws  of the suface  variablrs  and

coî(  act angle  at the  present time step by t.he contact ríqrla-

tx)ll.

F i g s .  G - X  s h o w  the  c o n t a c t  forces  of each lillgrr aîd  the JolIlt

v e l o c i t i e s  o f  fing(,rs  are show”  I” Figs 9-1 I. ëThP  c o n t a c t  point

evolutiox  011  the  ob,ject  surfaw  a r e  i l l u s t r a t e d  ill F i g s  12-14 ëlëhe

x-coordinatrs  of contact  point.s  for all fingers are tocatrd  a r o u n d

z e r o ,  b e c a u s e  thr  ohJ?ct  nwtion IS esecutpd  ill yz-plane.  The  y-

coordinates of conLact  points for Fmger  I & II move  to the posl( Eve  y-

direction,  wlllch agrees  to the iîtuition  of homan.  The a-coordiîatt~

of contxt  point of Finger I move  downward, while that of Flngu II

ìpward,  which also agrees  to the intuitIon of huma” Iírom  this point

o f  v i e w ,  t h r  rrsîlt  t h a t  t h e  c o n t a c t  point  of Flng~ër  III  rem;tiî(,d

s t a t i o n a r y  sl~own ill Fig 14 ca”  be explained

Tab le  1 Specification of Robots  Rand
No. of IQngers

No. of Joints/Fingrr

ëlíablr  2. Specific&lo”  of the ObJect.

Tahk  3 InIt id  domt  (ëonfigrlrat  Inns  of Eímgrrs  [ R a d ]

3Ollll 1 Joiît  2 .Jolnt 3 Joint 4

Fmger 1 0 0.5233599 4 974 188 5.49ii8i
Flngcr 2 0. 0.523399 4 974188 5 497787

Finger  :i 0 > 759687  I 3 0 8 9 9 í 7  O.iX6398
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Table 4. Initial Surface Variable and the Contact Angle

III

Fig .  5 The reorienting task of a sphere by a multifingered hand

Fig .  6 The joint posture of the robotic hand

7. CONCLUSION

A finite motion planning algorithm for multifingewd robotic Ilands

man ipu la t i ng  an  ob j ec t  o f  a rb i t r a ry  &ape was prrsrnted.  III  t h i s

study, the general relative motions Including sliding motion  at the

c o n t a c t  p o i n t  was  considered to find the trajectory of fingrrtlps’

contact points over  t,he  object surface. The minimum contact forces

and joint volocitws  to generate an desired ohjpct  motion was found

by utilizing an nonlinear optimization technique A simulation wits

p re sen t ed  by  employ ing  t h r ee  f i nge red  robotic  hand rr-onrntmg  a

s p h e r e .

Fig .  8 The contact forces of Finger II

OS.3

;: o..xo

$
e o.,w
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3
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z

Fig. 10 The  Joint  velocitirs  of Finger I



ten%  (SW)

Fig. 12 The joint velocities of Finger III
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Fig .  13 The evolution of contact points of Finger I

time  (set)

F i g  1 4 The evolution of contact points of Finger II
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