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Abstract

It is well known that there exist many more singularities in parallel type mechanisms com-
pared to serial type mechanisms. In haptic applications, these singularities deteriorate the
force reflecting performance. Furthermore, as opposed to general manipulators, haptic sys-
tems cannot avoid the singular point, since they are operated by the user�s random motion
command.

Although many singularity-free algorithms for kinematically redundant manipulators have
been proposed, singularity-free algorithms for parallel haptic application have not been exten-
sively discussed. In this paper, various singularity-free algorithms that are appropriate for par-
allel haptic systems will be discussed. A new 6 degree-of-freedom (DOF) parallel mechanism
equipped with four sub-chains is designed and employed as the test device. To cope with the
singularity problem, four task-priority algorithms and a redundant actuation algorithm are
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introduced and compared through simulation. In addition, experiments have been performed
to show the effectiveness of those algorithms at the presence of singularity.
� 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Since the master–slave system was initially proposed by Goertz in the 1950s [1],
many researchers have developed various types of haptic displays, such as an
exoskeleton type master arm by M. Bergamasco [5], PHANToM by Massie and
Salisbury [3], MagLev Wrist by Ellis in CMU [2], and a magnetic levitation haptic
interface by Berkelman et al. [4]. Despite the development of many haptic devices
as mentioned above, the force reflection capability is still confined to three or less
DOF, which is not sufficient to display the reality in virtual environments. Addition-
ally, precise and hard contact feeling is also hard to realize with these devices.

Advantages of parallel mechanisms over serial mechanisms include high struc-
tural stiffness, low inertia, and high force bandwidth. However, haptic devices having
parallel structure are heavy, have a relatively small workspace, and have multiple
forward kinematic solutions. These devices also require a large amount of power
due to floating actuators [2,6–8]. In order to overcome these difficulties, Gosselin
[16], Lee et al. [14,15], Pierrot [17], and Tsai [18] proposed new mechanisms that
employed non-floating actuators. These mechanisms were light and had a relatively
large workspace as compared to parallel mechanisms.

Even though parallel mechanisms have many advantages for haptic devices
requiring high structural stiffness, high force bandwidth and high force dynamic
range, it has been reported that parallel mechanisms contain more singular configu-
rations than typical serial mechanisms does. This is due to kinematic interaction
among chains and distribution of actuators to each chain. Thus, identification of
the singularity for every parallel mechanism should be made prior to its operation.
However, there are still many singular configurations that are not still being identi-
fied. Also, differently from usual industrial robot manipulators controlled by off-line
programming, the singular points cannot be avoided in haptic operation due to the
random motion generated by the human operator, even though the singular points
of parallel haptic devices are totally identified. At singular points, the haptic system
cannot generate the reflection force completely, and moreover, torque saturation
occurs. Thus, there is a need to investigate a singularity-free algorithm that main-
tains system performance and precisely generates the reflection force.

Research has been conducted with a variety of focuses in regards to singularity-
free algorithms for kinematically redundant mechanisms [9–13], although research
specific to singularity-free algorithms for parallel type haptic devices has been lim-
ited. In this paper, four kinds of singularity-free algorithms will be examined that
cope with the singularity problem of parallel haptic systems. Also, in an attempt
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to overcome these limitations, a new design including redundant actuation is
proposed.

This paper is organized as follows: Section 2 shows the overview of task-priority
algorithms used to overcome the singularity problem, the kinematics of a redun-
dantly actuated 6 DOF parallel haptic device is discussed in Section 3. In Sections
4 and 5, simulation and experimental results are given and Section 6 reports overall
conclusions.
2. Singularity-free algorithms

In general, parallel mechanisms contain quite a few singular points within their
workspace. Singularity causes serious problems such as torque saturation, undesir-
able motion, and the breakdown of systems. Of more significant concern is the fact
that the singular point cannot be avoided in haptic systems due to the operation of
the haptic device by the user�s random motion command. Several motion planning
algorithms have been reported in order to avoid singularities by using kinematically
redundant manipulators. However, singularity-free algorithms for parallel devices
have not yet been deeply discussed. Thus, there is a need to investigate singular-
ity-free algorithms adequate to parallel devices.

Fig. 1 shows three examples of singular configurations of a parallel haptic mech-
anism [14]. Fig. 1(a) shows a singular position where the top plate is parallel to one
of the upper chains. Fig. 1(b) shows a singular position where the system touches the
boundary of the workspace, and Fig. 1(c) shows an algorithmic singularity caused by
an internal kinematic problem.

Another important concept of algorithms is that of a task-priority algorithm. This
was introduced by Maciejewski et al. [10] and Nakamura et al. [11] and was applied
to the control of kinematically redundant manipulators. According to the task pri-
ority, the task having a higher priority is performed first and the task having a lower
priority will be performed successively. In this paper, the previously developed kine-
matic task-priority algorithms will be modified to force-based task-priority algo-
rithms to cope with the singularity problem of parallel haptic system.
Fig. 1. Singular configurations.
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2.1. Nakamura�s algorithm

To begin with, Nakamura�s task priority algorithm [11] is considered. The subtask
having the first priority will be specified using the first manipulation force, Tu1 2 Rm1,
and the secondary priority subtask will be specified using the second manipulation
force, Tu2 2 Rm2.

The output force Tu1 2 Rm1 is chosen as the first manipulating force and the out-
put moment Tu2 2 Rm2 is chosen as the second manipulating force. The force rela-
tionship between the joint torque TA 2 Rn and the first manipulating force vector
can expressed as follows:

Tu1 ¼ J1TA; ð1Þ
where J1 denotes the Jacobian matrix relating the first manipulating force to the joint
torque vector.

The general solution of Eq. (1) is expressed as

TA ¼ Jþ
1 Tu1 þ fI � Jþ

1 J1gz; ð2Þ
where the matrix Jþ

1 is the pseudoinverse of J1 and z is an arbitrary vector that sat-
isfies some secondary requirement. The m2-dimensional secondary task is specified in
the following form:

Tu2 ¼ J2TA; ð3Þ
where J2 2 Rm2·n is the Jacobian matrix for the secondary task. Minimizing the sec-
ondary task error kTu2 � J2TAk2 in the least square sense, yields the least square
solution z as [11]:

z ¼ eJþ
2 fTu2 � J2J

þ
1 Tu1g þ fI � eJþ

2
eJ 2gx; ð4Þ

where eJ 2 ¼ J2fI � Jþ
1 J1g and x is an arbitrary vector.

Thus, the general solution of TA is expressed as

TA ¼ Jþ
1 Tu1 þ eJþ

2 fTu2 � J2J
þ
1 Tu1g þ fI � eJþ

2
eJ 2gx: ð5Þ

since fI � Jþ
1 J1g is idempotent.

2.2. Chiaverini�s algorithm

In general, there are two kinds of singularities when solving inverse kinematics.
One is the kinematic singularity and the other is algorithmic singularity [12]. The
kinematic singularity occurs in the following case:

rankðJ1Þ < m1 or rankðJ2Þ < m2: ð6Þ
Whereas the algorithmic singularity occurs in either

RðJþ
1 Þ \ RðJþ

2 Þ 6¼ ; or NðJ1Þ \NðJ2Þ 6¼ ; ð7Þ
when m2 6 n � m1 [12]. In Eq. (7), R(*) and N(*) represent the range space and null
space of matrix *, respectively.
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The kinematic singularity exists as the fundamental problem when solving inverse
kinematics; alternatively the algorithmic singularity can be eliminated or changed
according to the characteristics of the employed algorithm since it is considered an
artificial part. Regardless of the kind of singularities, it should be noted that the gen-
eral solution of Eq. (5) is not acceptable near singularities [12].

To eliminate the algorithmic singularities existing in Nakamura�s method, Chiave-
rini [12] modified Eq. (5) as follows:

TA ¼ Jþ
1 Tu1 þ fI � Jþ

1 J1gfJþ
2 Tu2 þ fI � Jþ

2 J2gzg: ð8Þ
Although Nakamura�s algorithm which is given in Eq. (5) has algorithmic singular-
ities, the primary and the secondary tasks do not have any task error in the normal
case. On the contrary, Chiaverini�s algorithm which is given in Eq. (8) has no
algorithmic singularity, but it always has the secondary task error with the excep-
tion of the case when J2J

þ
1 ¼ 0. Thus, there exists trade-offs between the two

algorithms.

2.3. Choi�s algorithm

By using the advantage that Chiaverini�s algorithm has no algorithmic singularity,
Choi et al. [13] proposed an algorithm that reduces the secondary task error found in
Eq. (8). Chiaverini�s algorithm was modified to the following equation:

TA ¼ Jþ
WTu1 þ fI � Jþ

W J1gfJþ
2 Tu2 þ fI � Jþ

2 J2gzg; ð9Þ

where Jþ
W ¼ W�1JT

1 ðJ1W
�1JT

1 Þ
�1.

If the weight matrix is chosen to be a positive definite matrix as follows:

W ¼ JT
1 J1 þ JT

2 J2 þ �I > 0; ð10Þ

it will have no algorithmic singularities, although Eq. (9) tend to contaminate the
performance of the secondary task with a small positive number �.

2.4. Damped least square method

The singular value decomposition theorem states that for any matrix A 2 Rm·n,
there exists orthogonal matrices U 2 Rm·m and V 2 Rn·n such that

A ¼ URVT; ð11Þ

where the matrix R 2 Rm·n has the block matrix form

R ¼
S 0

0 0

� �
; ð12Þ

and S = diag(r1, . . ., rr) 2 Rr·r and r = rank(Af).
The pseudoinverse can then be given by

Aþ ¼ VRþUT; ð13Þ
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where

Rþ ¼ S�1 0

0 0

 !
:

Wampler [9] initially proposed the damped least-square method, given by

Aþ
a ¼ VRaU

T; ð14Þ
where

Ra ¼
Sa

0

� �
2 Rnm ð15Þ

and Sa ¼ diag r1

r2
1
þa2 ; . . . ;

rm
r2
mþa2

� �
2 Rmm.

If a is found to be much less than the smallest nonzero singular value of J,
then TAa is approximately the minimum norm solution. As a singular value ap-
proaches zero, the associated component of Sa reaches a maximum when r = a
and then decreases rapidly to zero. Additionally, the size of the solution, kTak,
decreases monotonically as a increases. This is a useful fact that can be exploited
to find solutions subject to joint torque limits.
3. Four legged parallel haptic device involving redundant actuators

It is well known that the advantage of employing redundant actuation is two-fold.
First, large payloads can be achieved, and secondly singularities can be minimized
through the use of redundant actuation. In this paper, a four legged parallel mech-
anism with redundant actuators is proposed as a means to resolve the singularity
problem occurring in haptic operation.

3.1. Geometric description

The developed four legged 6 DOF parallel haptic device is shown in Fig. 2, the
kinematic structure is depicted in Fig. 3. This haptic device consists of a top plate,
eight actuators located under the base, and four parallel chains connecting the top
plate to the eight actuators. To avoid interference between the motor bodies and
the links, the upper actuators (M1) are placed under the base plate and the actuating
torques of these upper actuators are transmitted to the first joint through a bevel
gear set.

To further describe this device, let {B} represent the base frame fixed to the
ground with its origin at the center of the base, and {T} represent the local frame
fixed to the top plate with its origin at the center of the top frame. Each of the four
ball-socket joints (mC , m = 1–4) of the top plate is placed on the circle of radius (RT)
with a separation of 90� from each other. Similarly, four pairs of actuators are placed
on the ground, also with a separation of 90�. Each of the four actuator pairs consist



Fig. 2. Four-legged parallel haptic device.

Fig. 3. Kinematic structure of a four-legged haptic device.
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of the upper actuator (M1), placed on the circle of radius (RB1), and the lower actu-
ator (M2), placed on the circle of radius (RB2) vertical to the ground. The distance
from the upper actuator to the lower actuator, in the z-direction, is denoted by HB.

The first leg is aligned with x-axis of base frame {B}, and other three legs are
located successively with a separation of 90� from the first leg in counterclockwise
direction. Each leg consists of an upper closed-chain and a lower closed-chain as
shown in Fig. 3. The upper chains connect the upper actuators (M1) to the top plate
through the ball–socket joints (mC , m = 1–4). The lower chains connect the lower
actuators (M2) to the upper actuators (M1) through the lower ball–socket joints
(mD, m = 1–4). Thus, the upper actuators support gravity loads and generate the
Z directional motion while the lower actuators generate the X and Y directional
motions, respectively. Interaction of the four chains generates the rotational motion
of the upper plate.

The position vector of the end-effector is defined as

u ¼ ðxt; yt; zt; hx; hy ; hzÞT
; ð16Þ

where (xt,yt,zt) represents the position of the top plate�s origin, and (hx,hy,hz)
denotes x̂t–ŷt–ẑt Euler angles equivalent to ½TBR�. This can be expressed by

½TBR� ¼ ½Rotðx̂t; hxÞ�½Rotðŷt; hyÞ�½Rotðẑt; hzÞ�: ð17Þ
3.2. Forward/inverse kinematics

In general, parallel mechanisms have a multitude of forward kinematic solutions;
our 6 DOF parallel haptic device has an eighth-order polynomial. Two additional
encoders were placed at the passive joints of each upper chain (h2,h3) to obtain a uni-
que forward solution.

The inverse kinematic solution of each upper chain can be calculated from the
position vectors of the upper ball-socket joints (mC , m = 1–4), which are given from
the position and orientation of the top plate. In the same manner, the inverse kine-
matic solution of each lower chain can be obtained from position vectors of the
lower ball-socket joints (mD, m = 1–4), which are obtained from the forward kine-
matics of the upper chain.

3.3. First-order kinematic modeling

In the following subsection, the first-order KIC (kinematic influence coefficient)
that relates the operational velocity ð _uÞ to the active joint velocity ð _hAÞ is described.
The position vector of the four upper ball-socket joints is denoted as

C ¼ ð1CT; 2CT; 3CT; 4CTÞT ð18Þ
with respect to the global reference frame, where mC ¼ ðmxc; myc; mzcÞ

T.
The position vector of the mth upper contact point is expressed as

mC ¼ ut þ mrc; ð19Þ
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where mrc ¼ ½TBR�mrðtop plateÞ
c .

Differentiating mC with respect to time results in

m _C ¼ _ut þ x  mrc; ð20Þ
where _ut ¼ ð _xt; _yt; _ztÞ

T, x = (xx,xy,xz)
T, and mrc ¼ ðmrcx; mrcy ; mrczÞT. Eq. (20) can be

written in a matrix form as

m _C ¼ ½mGc
u� _u; ð21Þ

where

½mGc
u� ¼

1 0 0 0 mrcz �mrcy
0 1 0 �mrcz 0 mrcx
0 0 1 mrcy �mrcx 0

264
375;

and _u ¼ ð _xt; _yt; _zt;xx;xy ;xzÞT.
At this point, the relationship between _u and _C can be described as

_C ¼ ½Gc
u� _u; ð22Þ

where ½Gc
u� ¼ ½1Gc

u�
T ½2Gc

u�
T ½3Gc

u�
T ½4Gc

u�
T

� �T
.

The open chain kinematics of the mth upper chain is described as

m _C ¼ ½mGc
uh� m _hu; ð23Þ

where m _hu is the joint velocity vector of the mth upper chain and ½mGc
uh� is a Jacobian

matrix which relates the joint velocity of the mth upper chain to the velocity of the
upper contact point.

The only situation that ½mGc
uh� will be singular is that the first and second links of

the upper chain are parallel to each other. Since the robot is designed in such a way
as to keep the unfolded configuration of the upper chain by the limited motion range
of the lower chain, the first and second links of the upper chain will never be parallel.
So, the fact that the Jacobian matrix ½mGc

uh� is invertible is always guaranteed by the
mechanism design.

The first-order inverse kinematics of Eq. (23) is obtained as

m _hu ¼ ½mGuh
c � m _C ; ð24Þ

where ½mGuh
c � ¼ ½mGc

uh�
�1.

Congregating m from 1 to 4 yields

_hu ¼ ½Guh
c � _C ; ð25Þ

where _hu ¼ ½1 _hu�T ½2 _hu�T ½3 _hu�T ½4 _hu�T
� �T

and

½Guh
c � ¼

½1Guh
c � 0 0 0

0 ½2Guh
c � 0 0

0 0 ½3Guh
c � 0

0 0 0 ½4Guh
c �

26664
37775:
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3.4. Internal kinematics

As shown in Fig. 4, the velocity vector of the mth lower ball-socket joints is de-
scribed as

m _D ¼ ½mGD
uh� m _hu ¼ ½mGD

lh� m _hl; ð26Þ
where m _hl is the joint velocity vector of the mth lower chain, and ½mGD

uh� and ½mGD
lh�

represent the first-order KICs for the upper and the lower branch, respectively.
From Eq. (26), the first-order kinematic relationship between the upper and lower

chains can be obtained as follows:

m _hl ¼ ½mGD
lh�

�1½mGD
uh� m _hu ¼ ½mG lh

uh� m _hu; m ¼ 1–4: ð27Þ
Note that the two active joints of the mth chain are m _h1 located at the upper chain

and m _h4 located at the lower chain. By using the row-column selection of Eq. (27), the
first-order relationship between the active joint velocity (m _hA : m _h1;

m _h4; m ¼ 1–4) and
the joint velocity ( _hu) of the upper chains can be expressed as

_hA ¼ ½GA
uh� _hu; ð28Þ

where

½GA
uh� ¼

1 0 0 0 0 0

½1G lh
uh�1; 0 0 0

0 1 0 0 0 0

0 ½2G lh
uh�1; 0 0

0 0 1 0 0 0

0 0 ½3G lh
uh�1; 0

0 0 0 1 0 0

0 0 0 ½4G lh
uh�1;

266666666666664

377777777777775
2 R812;
Fig. 4. Description of the lower ball-socket joint.
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_hA ¼ ½1h1
1h4

2h1
2h4

3h1
3h4

4h1
4h4 �T 2 R8

and

_hu ¼ 1h1
1h2

1h3
2h1

2h2
2h3

3h1
3h2

3h3
4h1

4h2
4h3½ �T 2 R12:

Substituting Eq. (24) into Eq. (28) yields the following relationship between the
velocity of upper contact points and the velocity of active joints

_hA ¼ ½GA
c � _C ; ð29Þ

where ½GA
c � ¼ ½GA

uh�½G
uh
c �.

Furthermore, by substituting Eq. (22) into Eq. (29), the relationship between the
velocity of end-effector and the velocity of active joint is obtained as

_hA ¼ ½GA
u � _u; ð30Þ

where ½GA
u � ¼ ½GA

c �½G
c
u�, _hA 2 R8; _u 2 R6, and ½GA

u � 2 R86.
By the duality relation, the relationship between the operational forces and the

joint torques is described as

Tu ¼ ½GA
u �

T
TA; ð31Þ

where Tu 2 R6 and TA 2 R8 are the output force vector at the end-effector and the
input torque vector of active joints, respectively.

When we employ task-priority algorithms, the first three rows of ½GA
u �

T correspond
to J1 of Eq. (1) and the last three rows correspond to J2 of Eq. (3). When we employ
the redundant actuation algorithm, the general solution will be employed, which is
given by

TA ¼ ð½GA
u �

TÞþTu þ ðI � ð½GA
u �

TÞþ½GA
u �

TÞ� ð32Þ
where � is an arbitrary vector.

In the general solution of Eq. (32), the first term is a pseudoinverse solution and
the second term denotes a null space solution. In the simulation, only the pseudoin-
verse solution was employed.
4. Simulation results

In a singular configuration, a parallel haptic device cannot generate the desired 6
DOF force/moment completely and in addition, torque saturation may occur. In
such cases, the user may choose the priority of tasks according to particular purpose
and condition. In this paper, 3 DOF forces and 3 DOF moments are chosen to be the
first and second priority tasks, respectively.

At the outset, the performances of three singularity-free algorithms and the
redundant actuation algorithm are tested by simulation. Initially, actuator torques
required to perform the given task are computed. Subsequently, the output forces
and moments are recalculated using Eqs. (1) and (3) to check the task error. In all
simulations, the primary task is selected to display �10 N along the Z-axis and
the secondary task is selected to yield zero moments.
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The simulation results of the four algorithms being applied to the four-legged par-
allel haptic device, and actuated only by six motors, is shown in Table 1. The system
is in the neighborhood of a singular configuration as shown in Fig. 1(a) (0 cm, 0 cm,
12 cm, 0�, 40�, 0�). In such a configuration, the second link of the first chain and
the top plate are parallel. It can be observed that the actuator torques of Inverse
Jacobian and Nakamura�s algorithms are saturated. On the other hand, Chiaverini�s,
Choi�s, and SVD damping algorithms do not generate actuator saturation, but errors
still remain in the secondary task.

Table 2 shows the simulation result of the four legged parallel haptic device,
which was driven by eight motors. Actuator saturation was not found at the same
singular configuration. Furthermore, the torque norm is smaller than the other three
algorithms (Chiaverini:Choi:SVD damping:Redundant actuation = 0.806:0.801:
1.815:0.783). Thus, redundant actuation has advantages in the aspects of singularity
avoidance and input saving.
Table 1
Comparison of singularity-free algorithms (case of Fig. 1(a))

Position X [cm] Y [cm] Z [cm] Roll [�] Pitch [�] Yaw [�]
0.0 0.0 12.0 0.0 40.0 0.0

Desired force/moment 0.0 [N] 0.0 [N] �10.0 [N] 0.0 [Nm] 0.0 [Nm] 0.0 [Nm]

Method Inverse Jacobian
Torque [Nm] �35.45 33.31 35.77 �126.69 �0.35 124.73
Output force 0.0 0.0 �10.0 0.0 0.0 0.0

Method Nakamura
Torque [Nm] �35.45 33.31 35.77 �126.69 �0.35 124.73
Output force 0.0 0.0 �10.0 0.0 0.0 0.0

Method Chiaverini
Torque [Nm] �0.45 0.18 �0.12 �0.05 �0.61 �0.16
Output force 0.0 0.0 �10.0 �0.032 �0.199 0.004

Method Choi
Torque [Nm] �0.45 0.19 �0.13 �0.07 �0.59 �0.18
Output force 0.0 0.0 �10.0 �0.035 �0.196 0.007

Method SVD damping
Torque [Nm] �0.67 0.66 �0.14 �1.49 �0.35 0.22
Output force 0.0 0.0 �10.0 �0.086 �0.113 0.072

Table 2
Simulation result of the four-legged haptic device

Position X [cm] Y [cm] Z [cm] Roll [�] Pitch [�] Yaw [�]
0.0 0.0 12.0 0.0 40.0 0.0

Desired force 0.0 [N] 0.0 [N] �10.0 [N] 0.0 [Nm] 0.0 [Nm] 0.0 [Nm]

Method Redundant actuation
Torque [Nm] �0.075 0.0 �0.534 �0.135 0.0 0.0 �0.534 0.135
Output force 0.0 0.0 �10.0 0.0 0.0 0.0
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These phenomena can be explained in two ways. First, the surplus actuators play
a role of avoiding singularities by the existence of abundant sources in the column
space relating the joint actuators to the output forces. Also, the nonlinear geometry
incorporated with the redundant actuation generates large reflection forces.
5. Experimental method and results

The proposed 6 DOF parallel haptic device and its PC-based control system are
shown in Fig. 5(a) and (b), respectively. The haptic device is driven by eight dc
motors (model: 3863A048C, MiniMotor SA) with encoders (model: HEDM 5500,
MiniMotor SA). The kinematic parameters of the developed haptic device are as fol-
lows: Rt = 0.03 m, RB1 = 0.03 m, RB2 = 0.0345 m, and li (i = 1,. . .,5) = (0.094,0.131,
0.075,0.075,0.045) m. To implement a haptic device controller, a Pentium III
(800 MHz) computer with real time kernel (RTX) [19] based on Windows NT was
used and the control program was coded by the C++ language. The control output
and sensor feedback data were updated every 2 ms.

The objective of this experiment was to show that actuator saturation can be
avoided near or at singular configurations by using task-priority algorithms as
explained in Section 2. Additionally, this objective includes showing how redundant
actuation can overcome the singularity problem without any auxiliary algorithms
such as task-priority algorithms and consumes smaller torques than the minimum
actuation mode using only six motors.
Fig. 5. Proposed haptic device and PC-based control system.
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Choi�s, SVD damping algorithm and redundant actuation algorithm were tested
in this experiment. The first experiment was conducted for the minimum actuated
mode (six motors that are distributed to base locations of the legs 1–3) and the sec-
ond experiment was performed for the redundant actuated mode (eight motors). Pri-
mary and secondary tasks are chosen to display �10 N along the Z axis and zero
moments, respectively.

The experimental setup is shown in Fig. 6. This setup consists of a 6 DOF force
sensor mounted on the top plate of the haptic device with a gripper mounted onto it.
While the operator moves the gripper of the haptic device up and down two or three
times, the position of the top plate passes through the area of the singular position
(0 cm, 0 cm, 12 cm, 0�, 40�, 0�). Forces were measured continuously to check that the
given task was properly performed.

Since the motion of a haptic device is generated by a human operator, it is impos-
sible to move the haptic device along the exact trajectory during each experiment.
However, noting that the torques needed to perform given tasks rapidly grew as
the system configuration approaches the singularity, this phenomenon was used as
a means to check whether the device approached a singular point.

Fig. 7 shows the trajectory of position and orientation of the haptic device when
Choi�s algorithm is applied. The haptic device moves up and down while the pitch
angle is maintained as close to 40� as possible. Meanwhile, excessive torques which
may cause mechanical damage are generated at the singular position, as shown in the
simulation results. For safety of haptic device, we designed the upper ball-socket
joints of the top plate in such a way that the singular position is unreachable
Fig. 6. Experimental setup.



0 2 4 6 8 10 12 14 16 18 20
-2

0

2

4

6

8

10

12

14

16

18

time [sec]

po
si

tio
n 

[c
m

]

Z

X Y

0 2 4 6 8 10 12 14 16 18 20
-5

0

5

10

15

20

25

30

35

40

time [sec]

po
si

tio
n 

[d
eg

]

RY

RX RZ

(a) (b)

Fig. 7. Trajectory for Choi�s algorithm: (a) position and (b) orientation.
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Fig. 8. Torque 2-norm and measured forces for Choi�s algorithm: (a) torque 2-norm and (b) measured
forces.
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mechanically. As a result, the maximum reachable angle around the x and y axis is
limited to 35� in the Cartesian space. That was the reason why 35� was the maximum
reachable angle according to the posture of haptic device in the experiments.

In Fig. 8(a), the variation of torque 2-norms are displayed for Choi�s and Inverse
Jacobian algorithms. It can be seen that the peak value of torque 2-norm of Inverse
Jacobian algorithm is increased abruptly up to 8.5 when the Z-directional position
becomes approximately 12 cm. On the other hand, Choi�s algorithm does not reveal
this kind of saturation problem.

The given task was to display forces (FX,FY,FZ) = (0 N,0 N, �10 N). It is shown
that the measured forces given in Fig. 8(b) are distributed around (0 N, 0N, �10 N).
Thus, the performance of Choi�s algorithm is satisfactory.

The jerk observed in the FZ plot of Fig. 8(b) is due to the change in direction of
motion. When the haptic device starts in an upward motion, instantaneous force
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peak over �10 N is measured because the given task is to display �10 N along the
downward Z direction. On the other hand, when the haptic device moves downward,
a lesser force below �10 N is measured.

Figs. 9 and 10 show the experimental results when the SVD Damping algorithm is
employed. The experimental results when the haptic device is operated in redundant
actuation mode are shown in Figs. 11 and 12. Experimental processes were the same
as those of Choi�s algorithm. As it can be seen in Figs. 10(a) and 12(a), torque 2-
norm�s peak value of Inverse Jacobian algorithm is larger, when the pitch angle is
close to 40�. The three experiments described above show that torques are saturated
near singularity only when Inverse Jacobian algorithm is used. However, by using
task-priority algorithms and redundant actuation algorithm, torque saturation can
be avoided and thus the given task can be fully achieved.
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Fig. 9. Trajectory for SVD Damping algorithm: (a) position and (b) orientation.
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Fig. 10. Torque 2-norm and measured forces for SVD Damping algorithm: (a) torque 2-norm and (b)
measured forces.
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Fig. 12. Torque 2-norm and measured forces for redundant actuation algorithm: (a) torque 2-norm and
(b) measured forces.
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Fig. 11. Trajectory for redundant actuation algorithm: (a) position and (b) orientation.
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Fig. 13 shows the comparison of torque 2-norms for the three algorithms. As
shown in the figure, redundant actuation requires the smallest torque among the
three methods. This result clearly agrees with the simulation result.

From the simulation and experimental results described in the above two sections,
some valid conclusions can be drawn as follows:

(1) Inverse Jacobian and Nakamura�s algorithm cannot be directly applicable to
reflect the desired forces and moments because actuator torques are saturated
at the neighborhood of singularities.

(2) Among the task-priority algorithms employing six actuators, Chiaverini�s algo-
rithm has the secondary task error. Choi�s algorithm is shown to lessen the sec-
ondary task error. However, based on the experimental result, their differences
are not distinguishable and the secondary error does not affect the primary
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Fig. 13. Comparison of torque 2-norms for the same trajectory: (a) Choi�s algorithm and (b) SVD
damping algorithm and (c) redundant actuation algorithm.
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haptic task that much (pure force reflection capability) in real experimentation.
The performance of SVD algorithm is almost the same as the other algorithms
employing six actuators.

(3) Task-priority methods such as Chiaverini�s, Choi�s, and SVD damping algo-
rithms do not cause actuator torque saturation even at the neighborhood of sin-
gular position. Choi�s algorithm shows better performance than the other two
algorithms, but the difference is not distinctive. Thus, those three algorithms
may be applicable in real haptic application. Nevertheless, those algorithms
based on six actuators have its limitation in aspect of exact force reflection.

(4) However, the algorithms based on six actuators have its limitation in aspect of
exact force reflection. A new design including redundant actuation provides
robustness to singularities dramatically. And, smaller torques are required to
perform the given task as compared to the minimum actuation case. Thus,
redundant actuation can be suggested as a good solution to singularity-free hap-
tic operation.
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6. Conclusions

In this paper, various singularity-free algorithms for operation of a parallel haptic
device were investigated. Although Choi�s method resulted in the best performance
among the three task-priority algorithms near singular positions in the simulations,
the performances of the proposed algorithms were not distinguishable. Therefore,
any task-priority algorithm may be applicable to real haptic applications. As an
alternative, a new design including redundant actuation was proposed. This mecha-
nism has a singularity-free structure owing to the redundant actuation. The effective-
ness of the task-priority algorithms and redundant actuation algorithm is
substantiated by the experiments described in this paper.
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